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Abstrat
We illustrate the implementation of a method based on the use of reursion
relations in (Bjorken) x−spae for the solution of the evolution equations of QCD
for all the leading twist distributions. The algorithm has the advantage of being
very fast. The implementation that we release is written in C and is performed to





• Title of program: evolution.
• Computer: Athlon 1800 plus
• Operating system under whih the program has been tested: Linux
• Programming language used: C
• Peripherals used: Laser printer
• No. of bytes in distributed program: 20771
• Keywords: Polarized and unpolarized parton distribution, numerial solutions of
renormalization group equation in Quantum Chromodynamis.
• Nature of physial problem: The program provided here solves the DGLAP evolution
equations to next-to-leading order αs, for unpolarized, longitudinally polarized and
transversely polarized parton distributions.
• Method of solution: We use a reursive method based on an expansion of the solution
in powers of log (αs(Q)/αs(Q0))
• Typial running time: About 1 minute and 30 seonds for the unpolarized and
longitudinally polarized ases and 1 minute for the transversely polarized ase.
LONG WRITE UP
1 Introdution
Our understanding of the QCD dynamis has improved steadily along the years. In
fat we an laim that preision studies of the QCD bakground in a variety of energy
ranges, from intermediate to high energy - whenever perturbation theory and fatorization
theorems hold - are now possible and the level of auray reahed in this area is due both
to theoretial improvements and to the exible numerial implementations of many of the
algorithms developed at theory level.
Beside their importane in the determination of the QCD bakground in the searh of
new physis, these studies onvey an understanding of the struture of the nuleon from
rst priniples, an eort whih is engaging both theoretially and experimentally.
It should be lear, however, that perturbative methods are still bound to approxima-
tions, from the order of the perturbative expansion to the phenomenologial desription
of the parton distribution funtions, being them related to a parton model view of the
QCD dynamis.
Within the framework of the parton model, evolution equations of DGLAP-type - and
the orresponding initial onditions on the parton distributions - are among the most
important bloks whih haraterize the desription of the quark-gluon interation and,
as suh, deserve ontinuous attention. Other parts of this desription require the ompu-
tation of hard satterings with high auray and an understanding of the fragmentation
region as well. The huge suess of the parton model justies all the eort.
In this onsolidated program, we believe that any attempt to study the renormalization
group evolution desribing the perturbative hange of the distributions with energy, from
a dierent - in this ase, numerial - standpoint is of interest.
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In this paper we illustrate an algorithm based on the use of reursion relations for
the solution of evolution equations of DGLAP type. We are going to disuss some of the
salient features of the method and illustrate its detailed implementation as a omputer
ode up to next-to leading order (NLO) in αs, the strong oupling onstant.
In this ontext, it is worth to reall that the most ommon method implemented so
far in the solution of the DGLAP equations is the one based on the Mellin moments, with
all its good points and limitations.
The reason for suh limitations are quite obvious: while it is rather straightforward to
solve the equations in the spae of moments, their orret inversion is harder to perform,
sine this requires the omputation of an integral in the omplex plane and the searh for
an optimized path.
In this respet, several alternative implementations of the NLO evolution are available
from the previous literature, either based on the use of brute fore algorithms [1℄ or on
the Laguerre expansion [2, 3℄, all with their positive features and their limitations.
Here we doument an implementation to NLO of a method based on an ansatz [4℄
whih allows to rewrite the evolution equations as a set of reursion relations for some
sale invariant funtions, An(x) and Bn(x), whih appear in the expansion. The advan-
tage, ompared to others, of using these reursion relations is that just few iterates of these
are neessary in order to obtain a stable solution. The number of iterates is determined
at run time. We also mention that our implementation an be extended to more om-
plex ases, inluding the ases of nonforward parton distributions and of supersymmetry,
whih will be disussed elsewhere . Here we have implemented the reursion method in
all the important ases of initial state saling violations onneted to the evolutions of
both polarized and unpolarized parton densities, inluding the less known transverse spin
distributions.
Part of this doument is supposed to illustrate the algorithm, having worked out in
some detail the struture of the reursion relations rather expliitly, espeially in the ase
of non-singlet evolutions, suh as for transverse spin distributions. As we have mentioned,
the same method has also been applied suessfully to the ase of supersymmetri QCD
and will be illustrated in a ompanion paper.
One of the advantages of the method is its analytial base, sine the reursion relations
an be written down in expliit form and at the same time one an perform a simple
analytial mathing between various regions in the evolutions, whih is a good feature of
x-spaed methods. While this last aspet is not relevant for ordinary QCD, it is relevant
in other theories, suh as for supersymmetri extensions of the parton model, one one
assumes that, as the evolution sale Q raises, new anomalous dimensions are needed in
order to desribe the mixing between ordinary and supersymmetri partons.
2 Denitions and Conventions
In this setion we briey outline our denitions and onventions.








































NCnf − 2CFnf , (2)
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and










where NC is the number of olors, nf is the number of ative avors, whih is xed by the
number of quarks with mq ≤ Q. We have taken for the quark masses mc = 1.5GeV, mb =
4.5GeV and mt = 175GeV, these are neessary in order to identify the thresholds at
whih the number of avours nf is raised as we inrease the nal evolution sale.
In our onventions ΛQCD is denoted by Λ
(nf )
MS




= 0.248, 0.200, 0.131, 0.050GeV. (4)
We also dene the distribution of a given heliity (±), f±(x,Q2), whih is the prob-
ability of nding a parton of type f at a sale Q, where f = qi, qi, g, in a longitudinally
polarized proton with the spin aligned (+) or anti-aligned (-) respet to the proton spin
and arrying a fration x of the proton's momentum.
As usual, we introdue the longitudinally polarized parton distribution of the proton
∆f(x,Q2) ≡ f+(x,Q2)− f−(x,Q2). (5)
We also introdue another type of parton density, termed transverse spin distribution,
whih is dened as the probability of nding a parton of type f in a transversely polarized
proton with its spin parallel (↑) minus the probability of nding it antiparallel (↓) to the
proton spin
∆T f(x,Q
2) ≡ f ↑(x,Q2)− f ↓(x,Q2). (6)
Similarly, the unpolarized (spin averaged) parton distribution of the proton is given
by
f(x,Q2) ≡ f+(x,Q2) + f−(x,Q2) = f ↑(x,Q2) + f ↓(x,Q2). (7)
We also reall, if not obvious, that taking linear ombinations of Equations (7) and (5),





In regard to the kernels, the notations P , ∆P , ∆TP , P
+±
, will be used to denote the
Altarelli-Parisi kernels in the unpolarized, longitudinally polarized, transversely polarized,
and the positive (negative) heliity ases respetively.

































2) = PNS−(x, αs(Q




2) = PNS+(x, αs(Q
2))⊗ χi(x,Q2), (12)
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for the singlet setor. Equations analogous to (9-13), with just a hange of notation,
are valid in the longitudinally polarized ase and, due to the linearity of the evolution
equations, also for the distributions in the heliity basis. In the transverse ase instead,
there is no oupling between gluons and quarks, so the singlet setor (13) is missing. In






2) = ∆TPNS−(x, αs(Q






2) = ∆TPNS+(x, αs(Q
2))⊗∆T q(+)i (x,Q2). (15)
We also reall that the perturbative expansion, up to next-to-leading order, of the
kernels is










P (1)(x) + . . . . (16)
Kernels of xed heliity an also be introdued with P++(z) = (P (z) +∆P (z))/2 and
P+−(z) = (P (z) − ∆P (z))/2 denoting splitting funtions of xed heliity, whih will be
used below.
































































































)⊗ q+,V (y) + P++(x
y
)⊗ q−,V (y)). (18)
where the q±,V = q±− q¯± are the valene omponents of xed heliity. The kernels in this


















Pqg,+− = Pqg,−+ = nf (x− 1)2


























Taking linear ombinations of these equations (adding and subtrating), one reovers
the usual evolutions for unpolarized q(x) and longitudinally polarized∆q(x) distributions.
3 The Ansatz and some Examples






















for eah parton distribution f , where Q0 denes the initial evolution sale. The justia-
tion of this ansatz an be found, at least in the ase of the photon struture funtion, in
the original work of Rossi [4℄, and its onnetion to the ordinary solutions of the DGLAP
equations is most easily worked out by taking moments of the sale invariant oeient
funtions An and Bn and omparing them to the orresponding moments of the parton
distributions, as we are going to illustrate in setion 5. The link between Rossi's expansion
and the solution of the evolution equations (whih are ordinary dierential equations) in
the spae of the moments up to NLO will be disussed in that setion, from whih it will
be lear that Rossi's ansatz involves a resummation of the ordinary Mellin moments of
the parton distributions.
Setting Q = Q0 in (20) we get
f(x,Q20) = A0(x) + αs(Q
2
0)B0(x). (21)
Inserting (20) in the evolution equations, we obtain the following reursion relations for
the oeients An and Bn
An+1(x) = − 2
β0
P (0)(x)⊗ An(x), (22)







obtained by equating left-hand sides and right-hand-side of the equation of the same
logarithmi power in logn αs(Q
2) and αs log
n αs(Q
2).
Any boundary ondition satisfying (21) an be hosen at the lowest sale Q0 and in
our ase we hoose
B0(x) = 0, f(x,Q
2
0) = A0(x). (24)
The atual implementation of the reursion relations is the main eort in the atual
writing of the ode. Obviously, this requires partiular are in the handling of the singu-
larities in x−spae, being all the kernels dened as distributions. Sine the distributions
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are integrated, there are various ways to render the integrals nite, as disussed in the
previous literature on the method [5℄ in the ase of the photon struture funtion. In these
previous studies the edge-point ontributions - i.e. the terms whih multiply δ(1 − x) in
the kernels - are approximated using a sequene of funtions onverging to the δ funtion
in a distributional sense.
This tehnique is not very eient. We think that the best way to proeed is to
atually perform the integrals expliitly in the reursion relations and let the subtrating
terms appear under the same integral together with the bulk ontributions (x < 1) (see










y − x − log(1− x)f(x) (25)
in whih, on the right hand side, regularity of both the rst and the seond term is expliit.
For instane, the evolution equations beome (prior to separation between singlet and








































y − x g(y)















with z ≡ x/y. Here q are xed avour distributions.
4 An Example: The Evolution of the Transverse Spin
Distributions
Leading order (LO) and NLO reursion relations for the oeients of the expansion an
be worked out quite easily. We illustrate here in detail the implementation of a non-singlet
evolutions, suh as those involving transverse spin distributions. For the rst reursion















yA±n (y)− xA±n (x)
y − x + A
±




















A±n (x) . (27)






qq (x) = K
±
1 (x)δ(1− x) +K±2 (x)S2(x) +K±3 (x) log(x)
+K±4 (x) log




7 (x) . (28)
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Hene, for the (+) ase we have
∆TP
+,(1)

















yA+n (y)− xA+n (x)
y − x + A
+







A+n (y) , (29)
where z = x/y. For the (−) ase we get a similar expression.
For the B±n+1(x) we get (for the (+) ase)









yA+n (y)− xA+n (x)
y − x + A
+


























+ K+3 (z) log(z) + log














yA+n (y)− xA+n (x)
y − x + A
+


















yB±n (y)− xB±n (x)
y − x +B
±






































K+6 (x) = −
1
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CF (10nf +NC(−67 + 3pi2)),
(30)


















K−6 (x) = −
1
9
CF (10nf +NC(−67 + 3pi2))
K−7 (x) = −
1
9
CF (10nf − 18CF (x− 1) +NC(−76 + 3pi2 + 9x)).
(31)
The terms ontaining similar distribution (suh as + distributions and δ funtions) have
been ombined together in order to speed-up the omputation of the reursion relations.
5 Comparisons among Moments
It is partiularly instruting to illustrate here briey the relation between the Mellin
moments of the parton distributions, whih evolve with standard ordinary dierential
equations, and those of the arbitrary oeient An(x) and Bn(x) whih haraterize
Rossi's expansion up to next-to leading order (NLO). This relation, as we are going to
show, involves a resummation of the ordinary moments of the parton distributions.
Speially, here we will be dealing with the relation between the Mellin moments of

















For this purpose we reall that the general (non-singlet) solution to NLO for the latter
moments is given by
∆T q±(N,Q














0) at the input sale Q0. We also have set
K(Q20, Q






















The relation between the moments of the oeients of the non-singlet x−spae ex-
pansion and those of the parton distributions at any Q, as expressed by eq. (34) an be
easily written down








As a hek of this expression, notie that the initial ondition is easily obtained from
(35) setting Q→ Q0, n→ 0, thereby obtaining
ANS0 (N) + αsB
NS
0 (N) = ∆T q±(N,Q
2
0), (36)




0 (N) = 0.
It is then evident that the expansion (20) involves a resummation of the logarithmi
ontributions, as shown in eq. (35).




























































λ1 − λ2 − β0/2
)











R = P (1)(N)− β1
2β0
P (0)(N). (41)
We remark, if not obvious, that An(N) and Bn(N), P
(0)(N), P (1)(N), in this ase, are all
2-by-2 singlet matries.
6 Initial onditions
As input distributions in the unpolarized ase, we have used the models of Ref.[7℄, valid
to NLO in the MS sheme at a sale Q20 = 0.40GeV
2
x(u− u)(x,Q20) = 0.632x0.43(1− x)3.09(1 + 18.2x)
x(d− d)(x,Q20) = 0.624(1− x)1.0x(u− u)(x,Q20)
x(d− u)(x,Q20) = 0.20x0.43(1− x)12.4(1− 13.3
√
x+ 60.0x)
x(u+ d)(x,Q20) = 1.24x







0) = 0 for qi = s, c, b, t.
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0) = 0 for qi = s, c, b, t. Being the transversity distribution











7 Names of the input parameters, variables and of the
output les
7.1 Notations
0 gluons, g g
1-6 quarks, qi, sorted by their mass values(u, d, s, c, b, t) u,d,s,,b,t




19-24 χi (unpolarized and longitudinally polarized ases) Cu,Cd,Cs,C,Cb,Ct
q
(+)
i (transversely polarized ase) Cu,Cd,Cs,C,Cb,Ct
25 q(+) qp






GRID_PTS Number of points in the grid
NGP Number of Gaussian points, nG
ITERATIONS Number of terms in the sum (20)
extension Extension of the output les
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step grid step (linear spaing ase)
lstep step in log10 x (logarithmi spaing ase)
X[i℄ i-th grid point, xi
XG[i℄[j℄ j-th Gaussian absissa in the range [xi, 1], Xij
WG[i℄[j℄ j-th Gaussian weights in the range [xi, 1], Wij
nf, Nf number of ative avors, nf
n_evol progressive number of the evolution step is nf − 3




, where i = nf − 3
A[i℄[j℄[k℄ oeient Aj(xk) for the distribution with index i
B[i℄[j℄[k℄ oeient Bj(xk) for the distribution with index i
beta0 β0
beta1 β1
alpha1 αs(Qin), where Qin is the lower Q of the evolution step
alpha2 αs(Qfin), where Qfin is the higher Q of the evolution step
7.3 Output les
The generi name of an output le is: Xn i.ext, where
X is U in the unpolarized ase, L in the longitudinally polarized ase and T in the trans-
versely polarized ase;
n is a progressive number that indiates the sale Q2 at a given stage: n = 0 refers to
the initial sale, the highest value of n refers to the nal sale and the intermediate
values refer to the quarks prodution thresholds (1 for harm, 2 for bottom and 3
for top);
i is the identier of the distribution, reported in the third olumn of the table in subse-
tion 7.1;
ext is an extension hosen by the user.
8 Desription of the program
8.1 Main program
At run time, the program asks the user to selet a linear or a logarithmi spaing for the
x-axis. The logarithmi spaing is useful in order to analyze the small-x behavior. Then
the program stores as external variables the grid points xi and, for eah of them, alls the
funtion gauleg whih omputes the Gaussian points Xij and weights Wij orresponding
to the integration range [xi, 1], with 0 ≤ j ≤ nG−1. After that, the user is asked to enter
the type of proess, the nal value of Q and an extension for the names of the output
les. At this point the program omputes the initial values of the parton distributions
for gluons, up, down, anti-up and anti-down (see Setion 6) at the grid points and stores
them in the arrays A[i℄[0℄[k℄ (see (24)), setting to zero the initial distributions of the
heavier quarks.
The evolution is done in the various regions of the evolutions, all haraterized by
a spei avour number. Eah new avour omes into play only when the sale Q
reahes the orresponding quark mass. In that ase nf is inreased by 1 everywhere in
the program. The reurrene relations (22) and (23) are then solved iteratively for both
12
the nonsinglet and the singlet setor, and at the end of eah energy step the evolved
distributions are reonstruted via the relation (20). The distributions omputed in this
way beome the initial onditions for the subsequent step. The numerial values of the
distributions at the end of eah energy step are printed to les.
8.2 Funtion writefile
void writefile(double *A,har *filename);
This funtion reates a le, whose name is ontained in the string *filename, with
an output haraterized by two olumns of data: the left olumn ontains all the values
of the grid points xi and the right one the orresponding values of the array A[i℄.
8.3 Funtion alpha_s
double alpha_s(double Q,double beta0,double beta1,double lambda);
Given the energy sale Q, the rst two terms of the perturbative expansion of the
β-funtion beta0 and beta1 and the value lambda of Λ
(nf )
MS
, alpha_s returns the two-loop
running of the oupling onstant, using the formula (1).
8.4 Funtion gauleg
void gauleg(double x1,double x2,double x[℄,double w[℄,int n);
This funtion is taken from [10℄ with just some minor hanges. Given the lower and
upper limits of integration x1 and x2, and given n, gauleg returns arrays x[0,...,n-1℄
and w[0,...,n-1℄ of length n, ontaining the absissas and weights of the Gauss-Legendre
n-point quadrature formula.
8.5 Funtion interp
double interp(double *A,double x);
Given an array A, representing a funtion known only at the grid points, and a number
x in the interval [0, 1], interp returns the linear interpolation of the funtion at the point
x.
8.6 Funtion IntGL
double IntGL(int i,double kernel(double z),double *A);
Given an integer i (orresponding to a grid point xi), a one variable funtion kernel(z)
and an array A, representing a funtion g(x) known at the grid points, IntGL returns the










omputed by the Gauss-Legendre tehnique.
8.7 Funtion IntPD
double IntGL(int i,double *A);
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Given an integer i, to whih it orresponds a grid point xi, and an array A, representing
a funtion f(x) known at the grid points, IntGL returns the result of the onvolution
1






y − xi + f(xi) log(1− xi), (46)
omputed by the Gauss-Legendre tehnique.
8.8 Funtion S2
double S2(double z);
This funtion evaluates the Spene funtion S2(z) using the expansion











arrested at the 50th order.
8.9 Funtion fat
double fat(int n);
















Given the Bjorken variable x, these funtions return the initial distributions at the
input sale (see Setion 6).



























Given the Bjorken variable z, these funtions return the part of the Altarelli-Parisi
kernels that does not ontain singularities.
9 Running the ode
In the plots shown in this paper we have divided the interval [0, 1] of the Bjorken variable
x in 500 subintervals (GRID_PTS=501), 30 Gaussian points (NGP=1), and we have retained
10 terms in the sum (20) (ITERATIONS=10). In the gures 7 and 12 the ag spaing has
been set to 2, in order to have a logarithmially spaed grid. This feature turns useful
if one intends to analyze the small-x behavior. We have tested our implementation in a
detailed study of Soer's inequality up to NLO [13℄.
Figure 1: Evolution of the unpolarized quark up distribution xu versus x at various Q
values.
10 Conlusions
We have illustrated and doumented a method for solving in a rather fast way the NLO
evolution equations for the parton distributions at leading twist. The advantages of the
method ompared to other implementations based on the inversion of the Mellin moments,
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Figure 2: Evolution of xd versus x at various Q values.
Figure 3: Evolution of xs = xs versus x at various Q values.
as usually done in the ase of QCD, are rather evident. We have also shown how Rossi's
ansatz, originally formulated in the ase of the photon struture funtion, relates to the
solution of DGLAP equations formulated in terms of moments. The running time of the
implementation is truly modest, even for a large number of iterations, and allows to get a
very good auray. We hope to return with a disussion of the supersymmetri extension
of the method and other appliations in the near future.
Aknowledgments
We thank the Phys. Dept. at the Univ. of Crete and espeially Theodore Tomaras for
hospitality and partial support under grant HPRN-CT-2000-00131 during this investiga-
tion and Maro Stratmann for orrespondene. This work is partially supported by INFN
(iniz. spe. BA21).
A Unpolarized kernels
The referene for the unpolarized kernels is [2℄, rearranged for our purposes. We remind












Figure 4: Evolution of the unpolarized antiquark up distribution xu versus x at various
Q values.
Figure 5: Evolution of the unpolarized gluon distribution xg versus x at variousQ values.A
and the Spene funtion is



















qq (x) = CF
[
2






P (0)qg (x) = 2Tf
[
x2 + (1− x)2
]
(52)
P (0)gq (x) = CF
[























162CF (x− 1) + 4Tf(11x− 1) +NC(89− 223x+ 3pi2(1 + x))
]}
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Figure 6: Evolution of the longitudinally polarized quark up distribution x∆u versus x
at various Q values.




















log x log(1− x)
−
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2 − 216ζ(3))− 4Tf(3 + 4pi2)



















Figure 8: Evolution of x∆d versus x at various Q values.
Figure 9: Evolution of x∆s = x∆s versus x at various Q values.
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log x log(1− x)
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2 − 216ζ(3))− 4Tf (3 + 4pi2)
+9CF (3− 4pi2 + 48ζ(3))
]}
δ(1− x) (56)






18CF (x− 1) +NC
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17− 151x+ 3pi2(1 + x)
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+4Tf [20− x (19 + x(56x− 65))]}
+
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log x log(1− x)
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Figure 10: Evolution of the longitudinally polarized antiquark up distribution x∆u versus
x at various Q values.























2 − 216ζ(3))− 4Tf(3 + 4pi2)
+9CF (3− 4pi2 + 48ζ(3))
]}
δ(1− x) (57)







3CFx(42− 87x+ 60x2 − pi2(2 + 4(x− 1)x))







6NC + 8NCx(6 + 11x) + 3CF (3− 4x+ 8x2)
]}
log x





CF (1− 2x+ 4x2)−NC(3 + 2x(3 + x))
]}
log2 x
+ {2(CF −NC)Tf [1 + 2(x− 1)x]} log2(1− x)
−{4CFTf [1 + 2(x− 1)x]} log x log(1− x)
+ {2NCTf [1 + 2x(1 + x)]}S2(x) (58)
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Figure 12: As in gure (11), but now the x-axis is in logarithmi sale.
Figure 13: Evolution of the transversely polarized quark up distribution x∆Tu versus x
at various Q values.







NC(18− 3pi2(2 + (x− 2)x) + 2x(19 + x(37 + 44x)))












[NC (22 + x(17x− 22))− 4Tf (2 + (x− 2)x)
















2CFNC (2 + (x− 2)x)
x
}
log x log(1− x)
−
{








[24CFTf(x− 1) (x(11 + 5x)− 1) + 4NCTf (x(29 + x(23x− 19))− 23)
+N2C
(
6pi2(x(2 + (x− 1)x)− 1)− x(25 + 109x)
)]}
21
Figure 14: Evolution of x∆Td versus x at various Q values.
Figure 15: Evolution of the transversely polarized antiquark up distribution x∆Tu versus
x at various Q values.
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4N2C [1 + (x− 1)x]2
(x− 1)x
}
log x log(1− x)
−
{



















[NC(8 + 9ζ(3))− 4Tf ]− CFTf
}
δ(1− x) (60)
B Longitudinally polarized kernels







qq (x) = CF
[
2







∆P (0)qg (x) = 2Tf(2x− 1) (62)
∆P (0)gq (x) = CF (2− x) (63)
∆P (0)gg (x) = 2NC
[
1





















162CF (x− 1) + 8Tf(4 + z) +NC
(








2 − 23)− 6CF (4x2 − 2x− 5)
+8Tf (2 + x(5x− 6))]} log x
+
{










log x log(1− x)
−
{



















2 − 216ζ(3))− 4Tf(3 + 4pi2)
+9CF (3− 4pi2 + 48ζ(3))
]}
δ(1− x) (67)











72− 66x+ pi2(2x− 1)
)]}
+ {Tf [2NC(1 + 8x)− 9CF ]} log x
+ {8(NC − CF )Tf(x− 1)} log(1− x)
+ {Tf [CF (2x− 1)− 3NC(1 + 2x)]} log2 x
+ {2(CF −NC)Tf(2x− 1)} log2(1− x)
+ {4CFTf (1− 2x)} log x log(1− x)
+ {2NCTf(1 + 2x)}S2(x) (68)





9CF (8x− 17)− 8Tf(4 + x) +NC
(




















[3NC(2 + x)− CF (x− 2)]
}
log2 x
+ {CF (CF −NC)(x− 2)} log2(1− x)
+ {2CFNC(x− 2)} log x log(1− x)
−{CFNC(2 + x)}S2(x) (69)





180CFTf (x− 1) + 8NCTf(19x− 4) +N2C
(











































N2C(8 + 9ζ(3))− 3CFTf − 4NCTf
]}
δ(1− x) (70)
C Kernels in the heliity basis
The expression of the kernels in the heliity basis given below are obtained ombining the


























































NS−,+−(x) = {2CF (2CF −NC)(x− 1)}
+ {CF (NC − 2CF )(1 + x)} log x
+
{


















[2Tf(20− (x− 1)x(56x− 11))
24







6CF (3− 2(x− 1)x)−NC(17 + 5x2)
+4Tf(1 + x(x(9 + 4x)− 12))]} log x
+
{


























2 − 216ζ(3))− 4Tf (3 + 4pi2)
































NC(20 + x(90 + x(126 + (3pi
2 − 218)x)))














































6CFx(15x− 27− pi2(x− 1))















































[9CF (x− 22)x− 8Tf(10 + 3x(3x− 2))















































[27CF (4− 5x)x− 8Tf (10 + 7(x− 2)x)














NC(11 + 8(x− 2)x)− 4Tf (1− x)2


































[6CFTf (x− 1)(x(37 + 10x)− 2)
+2CFTf (x(21 + x(19 + 23x))− 23)
+N2C(3pi







2NCTf (1 + x) + 6CFTf (2 + x) +N
2












2N2C(1− x(2− 2x− x3))
(x− 1)x
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[6CFTf(x− 1)(x(7 + 10x)− 2)
+N2C(2(70− 3x)x− 3pi2(1− x+ 3x2 − x3))























x3 − 3x2 + x− 1
)}










D Transversely polarized kernels






























































2 − 216ζ(3))− 4Tf(3 + 4pi2)































log x log(1− x)
+
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2 − 216ζ(3))− 4Tf (3 + 4pi2)
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